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Third generation ground-based interferometers as well as the planned space-based interferometer
LISA are expected to detect a plethora of gravitational wave signals from coalescing binaries at
cosmological distance. The emitted gravitational waves propagate in the expanding universe through
the inhomogeneous distribution of matter. Here we show that the acceleration of the universe and
the peculiar acceleration of the binary with respect to the observer distort the gravitational chirp
signal from the simplest General Relativity prediction beyond a mere time independent rescaling of
the chirp mass, affecting intrinsic parameter estimations for the binaries visible by LISA. We find
that the effect due to the peculiar acceleration can be much larger than the one due to the universe
acceleration. Moreover, peculiar accelerations can introduce a bias in the estimation of parameters
such as the time of coalescence and the individual masses of the binary. An error in the estimation of
the time of coalescence made by LISA will have an impact on the prediction of the time at which the
signal will be visible by ground based interferometers, for signals spanning both frequency bands.
PACS numbers:
I. INTRODUCTION
Gravitational Wave (GW) astronomy has recently
started [1, 2], showing that signals from coalescing bi-
naries at cosmological distance (with redshift z ∼ 0.1)
are already a reality and in the near future (∼ few years)
dozens of similar signals are expected.
The observational quest for GWs is now lead by earth-
based interferometers [3, 4], but in the future the space-
based interferometric detector LISA is expected to widen
the range of detectable sources up to redshift z ∼ 15
[5, 6].
GWs from coalescing binaries provide a direct mea-
surement of the luminosity distance of the source to the
observer. However, to first approximation (as long as the
variation of the cosmological expansion can be neglected
during the duration of the signal as we will see), GW
observations do not provide information about the red-
shift of the source. This happens because the redshift
does change the waveform, but in a way that can be ex-
actly compensated by a shift of the masses from their
source to detector values and by replacing the comov-
ing distance with the luminosity distance. It is therefore
usually assumed that the redshift of the host galaxy is
needed to infer the redshift of the GW event. Ref. [7]
was the first to show that cosmological parameters like
the Hubble constant can be measured with few percent
precision with O(10) GW detections, by combining the
measurements of the luminosity distances and sky local-
isations of various GW events with the redshift informa-
tion taken from galaxy catalogs. Since then, the problem
has been widely studied both for advanced earth-based
interferometers, e.g. [8–11] and for LISA, e.g. [12–15].
On the other hand, Ref. [16, 17] showed that the GW
observation alone does in principle allow to measure the
real masses and the redshift. The expansion of the uni-
verse during the time of observation of the GW event
can actually imprint into the waveform phase, to which
the interferometer output is particularly sensitive, an ef-
fect with frequency dependence f−8/3 with respect to the
leading behavior. The investigation of the detectability of
such effect, hence the possibility of measuring both the
luminosity distance and the redshift from gravitational
wave observations alone has been considered in [16, 17].
Here we re-analyse the issue, taking into account also
the redshift perturbations due to the inhomogeneous
matter distribution along the propagation of the GWs
from the source to the detector. We show that the pe-
culiar acceleration of the binary (i.e. the time variation
of the peculiar velocity) with respect to the cosmological
flow can drown the effect of the expansion of the universe:
therefore, the imprint of the background expansion on the
phase of the GW signal cannot be used in general to infer
the redshift of the GW source. Moreover, the peculiar ac-
celeration pollutes the phasing signal introducing a bias
in the measured parameters, like the binary constituent
masses and the time of coalescence. This can be particu-
larly important for those binaries that are visible first by
LISA and afterwards by terrestrial interferometers [18–
20], for which a precise determination of the arrival time
of the signal in the LIGO/Virgo band is needed.
The main result of this paper is Eq. (44), showing
the frequency-dependent modification of the phase of the
GW signal due to the time variation of the redshift per-
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2turbations. The paper is structured as follows. In sec. II
we review the chirp gravitational waveform when the red-
shift is kept constant and unperturbed. In sec. III we
account for time variations of the redshift: first we con-
centrate on the background effect, due to the variation of
the cosmological expansion during the observation time
of the binary, and then we present the consequences of
the time variation of the redshift perturbations due to
the inhomogeneities in the matter distribution at linear
order 1. In sec. IV we study the modification of the
waveform phasing due to both these effects. In sec. V
we proceed to a quantitative analysis: first we demon-
strate that the most relevant contribution to the wave-
form comes from the peculiar acceleration of the binary;
we then show qualitatively that this is only important
for space-based detectors, which are capable to follow
the chirp signal for a long enough time at low frequency;
at last, we quantify the effect in the output of match-
filtering commonly used in GW data analysis, focusing
on the case of LISA. We show that the amount of lost
detections due to the use of a waveform template with-
out the peculiar acceleration of the binary is negligible.
However, the peculiar acceleration introduces a bias in
the determination of the binary parameters such as the
time of coalescence and the masses. In sec. VI we con-
clude.
Throughout the paper we only consider non-spinning
binaries at the lowest Post Newtonian (PN) order (except
in the last section, as specified). We adopt units such
that the speed of light c = 1. The cosmological metric is
ds2 = −dt2 + a2δijdxidxj where t denotes cosmic time,
a(t) is the scale factor and H ≡ a˙/a is the Hubble factor
with H0 ≡ 100h km/sec/Mpc denoting the Hubble factor
today.
II. BINARY AT COSMOLOGICAL DISTANCE:
UNPERTURBED CONSTANT REDSHIFT
We consider a binary system with individual masses
m1,2, total mass M ≡ m1 + m2, symmetric mass ratio
η ≡ m1m2/M2 and chirp mass Mc ≡ η3/5M . The two
polarisations of the GW signal emitted by the binary in
the transverse-traceless (TT) gauge are (see e.g. sec. 4.1
of [21])
h+(tS) =
4 (GMc)
5
3
a(tS) r
(pi fS)
2
3
1 + cos2 ı
2
cos[ΦS(tS)] (1)
h×(tS) =
4 (GMc)
5
3
a(tS) r
(pi fS)
2
3 cos ı sin[ΦS(tS)] (2)
1 Note that constant perturbations to the redshift do not generate
a shift in the phase since they can be reabsorbed in the redshifted
chirp mass (see discussion in section III).
where tS is the proper (retarded) time of the source,
a(tS) r ≡ dp is the proper distance (the luminosity dis-
tance being dL = dp(1 + z)) and fS is the frequency of
the GW as produced at the source. We have reported
only the leading order in the PN expansion parameter
x ≡ (piGMfS)2/3.
The evolution of the GW frequency due to back-
reaction of the emission of GWs at leading-order in x
is given by (see e.g. Eq. (4.18) of [21])
dfS
dtS
= C(Mc)f
11/3
S (3)
with C(Mc) ≡ 965 pi8/3 (GMc)5/3. The solution to Eq. (3)
is
fS(τS) =
1
pi
(
5
256τS
)3/8
(GMc)
−5/8
, (4)
where τS ≡ tc−tS is the time to coalescence at the source,
when fS formally diverges. The phase ΦS at the source
is then
ΦS(tS) ≡ Φc + 2pi
∫ tS
tc
dt′SfS(t
′
S) = −2
(
τS
5GMc
) 5
8
+ Φc ,
(5)
where Φc is the phase at coalescence time tc.
When the GW source is at cosmological distance, the
frequency at the observer fO is related to the one at the
source by the cosmological redshift z via
fS = (1 + z)fO . (6)
By definition, the redshift is the quantity that relates the
frequency at the source to the one at the observer in any
cosmology. In a homogeneous and isotropic Friedmann-
Robertson-Walker (FRW) universe, the redshift simply
becomes
1 + z ≡ aO
aS
. (7)
However, the inhomogeneities and anisotropies of the real
universe induce perturbations in the redshift changing
the above expression, as we will see in the next section
III B.
As for the frequency, the proper time at the source is
also related to the proper time at the observer through
the redshift
dtO = (1 + z)dtS . (8)
Using Eqs. (6) and (8) we can rewrite Eq. (3) as
(1 + z)
d
dtO
[
(1 + z)fO(tO)
]
= C(Mc)fO(tO)
11
3 (1 + z)
11
3 .
(9)
Neglecting redshift variations over the emission of the
GW (the standard procedure), one obtains
dfO
dtO
= C((1 + z)Mc)f
11
3
O , (10)
3showing that the redshift can be absorbed by a re-
definition of the chirp mass:
Mc(z) ≡ (1 + z)Mc . (11)
It is then impossible to see the effect of the redshift in
the phasing, as it boils down to a shift in the chirp mass.
This degeneracy holds also including higher x corrections
to (3) for black holes, i.e. as long as tidal deformation
and matter effects are neglected [22].
The solution of Eq. (10) is simply
fO(τO) =
1
pi
(
5
256τO
)3/8
(GMc)−5/8 . (12)
Integrating once we obtain the phase
ΦO(τO) = −2
(
τO
5GMc
) 5
8
+ Φc . (13)
Eq. (13) reflects the fact that the phase is constant dur-
ing propagation ΦO(τO(τS)) = ΦS(τS) (this follows di-
rectly from the fact that GWs propagate on null geodesics
kµk
µ = 0 and that ∂µϕ = −kµ). The GW amplitudes in
Eqs. (1, 2) can be rewritten in terms of quantities at the
observer:
h+(tO) =
4(GMc(z)) 53
dL
(pifO)
2
3
1 + cos2 ı
2
cos(ΦO) , (14)
h×(tO) =
4(GMc(z)) 53
dL
(pifO)
2
3 cos ı sin(ΦO) , (15)
where, with respect to Eqs. (1, 2), the waveform ampli-
tude is proportional to 1/dL instead of 1/dp and has oth-
erwise the same functional form with Mc replaced by
Mc(z).
III. BINARY AT COSMOLOGICAL DISTANCE:
VARYING REDSHIFT
In this section we relax the assumption that the red-
shift z is constant during the observation of the GW sig-
nal. We can identify two contributions to the variation
of z:
1. the background expansion of the universe varies
during the time of observation, so that the ratio
of the scale factor of the universe at the binary
and at the observer vary during the observation, as
computed in [16, 17].
2. the perturbations in the redshift due to the inho-
mogeneities and anisotropies in the distribution of
matter between the binary and the observer (inside
the bracket of eq. (20) below) vary during the time
of observation. This effect is calculated here for the
first time. The motivation to look for such an ef-
fect is that the perturbations (and in particular the
peculiar velocity of the binary, as we will see) can
vary on a shorter time-scale than the expansion of
the universe, leading to a larger contribution than
the one of the background expansion.
We account for linear scalar perturbations in the met-
ric. We work in the longitudinal gauge [23], so that the
perturbed metric is
ds2 = −(1 + 2ψ)dt2 + a2(1− 2φ)δijdxidxj , (16)
where ψ and φ are the scalar potentials. In this perturbed
FRW universe, the redshift can be calculated by solving
the null geodesic equation for the photon momentum kµ
dkµ
dλ
+ Γµαβk
αkβ = 0 , (17)
where λ is the geodesic affine parameter. The redshift is
then given by the ratio of frequencies, which is equal to
the ratio of energies:
1 + z =
fS
fO
=
ES
EO
=
(
kµuµ
)
S(
kµuµ
)
O
, (18)
where uµS denotes the four-velocity of the source (respec-
tively the observer)
uµ =
1
a
(1− ψ,v) , (19)
and v is the peculiar velocity. At linear order in pertur-
bation theory, one gets (see e.g. [23])
1 + z =
aO
aS
[
1 + vS · n− vO · n
+ ψO − ψS −
∫ tO
tS
dt(φ˙+ ψ˙)
]
≡ (1 + z¯)[1 + δz] , (20)
where n denotes the unit vector pointing from the ob-
server to the binary and a dot is a derivative with respect
to physical time t. The first term on the right hand side
of (20) corresponds to the expansion of the background
already given in Eq. (7), and we have denoted it with
1 + z¯ ≡ aO
aS
. (21)
The rest of the above expression (20) is due to the effect of
matter perturbations. The first term is the Doppler red-
shift due to the difference in peculiar velocity between the
source and the observer. The second term is the gravita-
tional redshift generated by the difference in gravitational
potential at the position of the source and at the position
of the observer. The last term is the so-called integrated
Sachs-Wolfe contribution generated by the change in the
photons’ energy when passing through an evolving grav-
itational potential.
4These redshift perturbations change the observed fre-
quency of the signal fO as well as the observed proper
time dtO according to Eqs. (6) and (8) (which are also
valid in a perturbed universe). However if the pertur-
bations are constant in time, they can be reabsorbed
into the redshifted chirp mass (11) and they do not
change the waveform of the signal which is still given
by Eqs. (13), (14) and (15).
On the other hand, if the redshift is evolving with time,
it cannot be reabsorbed into the chirp mass, as we now
show. To solve Eq. (9) for a non-constant redshift we
define a new function
g(tO) ≡ [1 + z(tO)] f(tO) . (22)
We get
dgO
dtO
= C(Mc)
g
11/3
O
1 + z
, (23)
g
−8/3
O (tO) =
8C(Mc)
3
∫ tc
tO
dt′O
[
1 + z(t′O)
]−1
, (24)
where tc is the time of coalescence and we have used that
gO(tc) → ∞. We proceed to solve the above equation
separating the effect of the expansion of the background
(already derived in [16, 17]) and the effect of the linear
matter perturbations.
A. Homogeneous universe
Let us start by re-deriving the effect put forward in
[16, 17]. We neglect the perturbations in the redshift but
account for the variation of the expansion of the universe,
so that from Eq. (21) we have:
g
−8/3
O (tO) =
8C(Mc)
3
∫ tc
tO
dt′O
a
(
tS(t
′
O)
)
a(t′O)
. (25)
By expanding the scale factor around the value tO, with
t′S ≡ tS(t′O), tS ≡ tS(tO),
a(t′O) = a(tO + t
′
O − tO) ' a(tO) + (t′O − tO)a˙(tO) , (26)
a(t′S) = a(tS + t
′
S − tS) ' a(tS) + (t′S − tS)a˙(tS) , (27)
one obtains
g
−8/3
O (tO) =
a(tS)
a(tO)
8C(Mc)
3
×
∫ tc
tO
dt′O
[
1 +HS(t
′
S − tS)−HO(t′O − tO)
]
, (28)
where H ≡ a˙/a. Neglecting terms of the order (t′O− tO)2
in the integrand we can use t′S−tS = (t′O−tO)/(1+z¯)[1+
O(H0(t′O−tO))] and after integrating the right-hand side
we obtain
g
−8/3
O (tO) =
8C(Mc)
3(1 + z¯)
[
τO −X(z)τ2O
]
, (29)
where (c.f. definition (21))
X(z) ≡ 1
2
(
H0 − HS
1 + z¯
)
. (30)
Re-expressing the above Eq. (29) in terms of the fre-
quency at the detector via Eq. (22) one finds (to be com-
pared with Eq.(12))
fO(τO) =
1
pi
(
5
256 τO
) 3
8
(GMc(z))−
5
8
(
1 +
3
8
X(z)τO
)
.
(31)
The phase ΦO(τO) can be obtained by direct integration
of Eq. (31). Alternatively, combining Eqs. (31), (4) and
(6) we find the relation between the time to coalescence
at the source and at the observer locations at linear order
in X(z):
τS =
τO
1 + z¯
[
1−X(z)τO
]
. (32)
Since the phase is constant ΦO(τO(τS)) = ΦS(τS), using
Eq. (5) and relating τS to τO with Eq. (32) we get
ΦO(τO) = −2
(
τO
5GMc(z)
) 5
8
(
1− 5
8
X(z)τO
)
+ Φc .
(33)
The acceleration (or deceleration) of the universe during
the time of observation of the GW generates therefore an
additional contribution to the observed frequency and the
observed phase with a different time dependence. Note
that if the expansion of the universe is constant in time,
HS = H0(1 + z¯) and as expected X(z) exactly vanishes.
B. Perturbed universe
Let us now add the effect of the redshift perturbations
δz. We go back to Eq. (24), that we have to solve in-
cluding also the redshift perturbations coming from the
matter perturbations in Eq. (20), so that at first order
[
1 + z(t′O)
]−1
=
1− δz(t′O)
1 + z¯(t′O)
(34)
where from Eq. (20)
δz(t′O) =ψ(t
′
O)− ψ(t′S) +
[
v(t′S)− v(t′O)
] · n (35)
−
∫ t′O
t′S
dt′(φ˙+ ψ˙) .
Note that here t′S is a function of t
′
O. We can expand
δz(t′O) around tO and tS :
5δz(t′O) = ψ(tO) + ψ˙(tO)(t
′
O − tO)− ψ(tS)− ψ˙(tS)(t′S − tS)−
[
v(tO) + v˙(tO)(t
′
O − tO)
] · n
+
[
v(tS) + v˙(tS)(t
′
S − tS)
] · n− ∫ tO
tS
dt′(φ˙+ ψ˙)− [φ˙(tO) + ψ˙(tO)](t′O − tO) + [φ˙(tS) + ψ˙(tS)](t′S − tS)
= δz(tO) +
(
v˙S · n
1 + z¯
− v˙O · n+ φ˙S
1 + z¯
− φ˙O
)
(t′O − tO) . (36)
Inserting Eq. (36) into Eq. (24) and integrating we obtain
f(τO) =
1
pi
(
5
256 τO
)3/8
(GMc(z))−5/8
[
1 +
3
8
X(z)τO +
3
16
(
v˙S · n
1 + z¯
− v˙O · n+ φ˙S
1 + z¯
− φ˙O
)
τO
]
(37)
≡ 1
pi
(
5
256 τO
)3/8
(GMc(z))−5/8
[
1 +
3
8
Y (z)τO
]
,
where we have defined the variable Y (z) which accounts
for both the effect due to the background acceleration of
the universe and for the one due to perturbations:
Y (z) ≡ X(z) + 1
2
(
v˙S · n
1 + z¯
− v˙O · n+ φ˙S
1 + z¯
− φ˙O
)
.(38)
As before we can find the relation between τS and τO
τS =
τO
1 + z¯
[1− Y (z)τO] . (39)
The phase at the observer is given by
ΦO(τO) = −2
(
τO
5GMc(z)
)5/8(
1− 5
8
Y (z)τO
)
+ Φc .
(40)
The phase can be directly inserted into the GW ampli-
tudes at the observer Eqs. (14, 15), which therefore ac-
quire an explicit dependence on redshift through Y (z).
Moreover, the common amplitude of the two polarisa-
tions of the GW hc(τO), when written in terms of the
time to coalescence, is also affected by the evolution of
the background plus perturbations, and becomes:
hc(τO) =
(GMc(z))5/4
dL(z)
(
5
τO
)1/4(
1 +
1
4
Y (z)τO
)
.
(41)
We emphasise that the Y (z) effect is obtained when ex-
pressing everything in terms of τO. The amplitude and
the phase of the waveform would take the standard form
if expressed in terms of fO, since the frequency is simply
redshifted as in Eq. (6), while a time interval depends on
the variation of the expansion of the universe and on the
variation of the perturbations as in (39).
Eqs. (40) and (41) show how the peculiar acceleration
of the binary and of the observer and the time variation
of the gravitational potential modify the phase and the
amplitude of the GW. Note that the amplitude is also
affected by the fluctuations in the luminosity distance
dL due to matter inhomogeneities [24, 25].
IV. MODIFICATIONS OF THE WAVEFORM
So far we have calculated how the background expan-
sion of the universe and the redshift perturbations af-
fect the frequency, the phase and the amplitude of the
chirp signal in time. In order to quantify whether these
effects are detectable, and make contact with standard
data analysis techniques, here we consider the Fourier
transform of the GW-form. This is calculated using the
stationary phase approximation, and at leading order in
the amplitude is (see e.g. [21]):
h˜+(f) = A(f)
1 + cos2 ı
2
exp(iΨ(f)) , (42)
h˜×(f) = A(f) cos ı exp
(
iΨ(f) +
pi
2
)
. (43)
Written in terms of τO(fO), the phase Ψ(f) at leading
order and for non-spinning inspiralling binaries is (tc is
the time of coalescence at the observer)
Ψ(f) = 2piftc − pi
4
− 2pifτO(f)− ΦO(τO(f))
= 2piftc − pi
4
− Φc + 3
128
(piGMc)−5/3 1
f5/3
− 25
32768pi
(piGMc)−10/3 Y (z)
f13/3
, (44)
6where in the second equality we have used the inverse of Eq. (38) and Eq. (40) to include the leading order effect in
Y (z). In terms of its frequency dependence, this effect is formally a −4PN effect. The PN expansion parameter is
indeed x ≡ (piGMfO)2/3 ∼ V 2, where V denotes the velocity of the inspiralling masses around the center of mass
of the binary (which should not be confused with the peculiar velocity of the binary with respect to the Hubble flow
vS), and the Newtonian term is proportional to x
−5/2. The amplitude of the wave gets multiplied by the (inverse of
the) second time derivative of the phase, leading to
A(f) =
√
pi
2
hc(fO)
(
d2ΦO
dτ2O
)−1/2
=
√
5
24pi4/3
(GMc)5/6
dL(z)
1
f7/6
[
1− 5 (GMc)
−5/3
384pi8/3
Y (z)
f8/3
]
. (45)
This effect on the amplitude has been derived here for the first time.
V. ESTIMATE OF THE EFFECT
A. Comparison between the contributions from the
background expansion and the redshift
perturbations
In the previous section we have shown that the back-
ground expansion of the universe and the presence of
perturbations in the redshift affect the waveform intro-
ducing a frequency-dependent term with amplitude Y (z),
to which they contribute with different strength, as given
in Eq. (38). From Eq. (38) we see that the contribution to
Y (z) from the redshift perturbations depends on the time
derivative of the peculiar velocity vS and of the potential
φ at the source 2. The potential φ varies on a cosmolog-
ical timescale: one has therefore φ˙ ∼ H0φ ∼ 10−5H0,
while X(z) ' H0. The contribution to Y (z) from the
gravitational potential is therefore smaller than the one
from the background expansion by a factor of 10−5, and
we neglect it in the following.
The effect from the variation of the peculiar velocity
of the source is instead stronger, as we will now show.
Assuming that the source is within a galaxy which is
itself within a cluster, the peculiar velocity can be split
into three contributions:
1. the velocity of the cluster (which contains the bi-
nary) with respect to the CMB frame
2. the velocity of the galaxy inside the cluster
3. the velocity of the centre of mass of the binary in-
side the galaxy
Contribution 1: The first velocity contribution is as-
cribable to the cosmological linear velocity perturba-
tion vcosmoS and it varies on a cosmological timescale:
like for the variation of the scalar potential, one has
v˙cosmoS ∼ H0vcosmoS ∼ 10−3H0. The contribution of this
2 Note that the quantities at the observer also play a role, but we
do not consider them here: the acceleration of the Earth v˙O is
already taken into account in GW observations, and the time
variation of the gravitational potential φ˙O is small.
velocity to Y (z) is therefore always smaller than the one
of X(z) and we neglect it.
The second and third contributions, on the other hand,
can vary on a timescale smaller than the cosmological
timescale, and they can therefore be bigger than the
background expansion effect represented by X(z). In or-
der to make the comparison with X(z), we define the
variable (c.f. Eq. (38))
F (z)
H0
≡ 1
2
v˙S · n
(1 + z¯)H0
, (46)
to be compared with X(z)/H0. We estimate the two
remaining contributions to the peculiar velocity of the
source vS as follows:
Contribution 2: For a virialised cluster of mass M one
has, at distance r from the centre,
5GM
3r
' 1
2
v2S . (47)
Combining this with Newton’s law we find for the pecu-
liar acceleration
v˙S ' 3
10
v2S
r
. (48)
Contribution 3 : For a circular motion of the binary
around the centre of the galaxy one has
v˙S =
v2S
r
. (49)
The function F (z) can then be written as
F (z)
H0
=
α
2
v2S
r
e · n
H0(1 + z¯)
, (50)
where α = 3/10 describes the galaxy’s acceleration in
the cluster while α = 1 describes the binary’s acceler-
ation inside the galaxy, and e denotes the direction of
the acceleration. The total effect is the sum of the two
relevant contributions. Defining  as
 = α
(
vS
100 km/s
)2
10 kpc
r
e · n , (51)
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FIG. 1: As a function of redshift, the red dotted line shows
the absolute value of the effect of the time variation of the
background expansion on the GW phasing X(z) (Eq. (30))
relative to H0. The dashed lines show the GW phasing vari-
ation due to the peculiar acceleration of the binary F (z)
(Eq. (52)) relative to H0. The solid lines show the absolute
value of the sum of the two effects Y (z) (Eq. (38)) relative
to H0. Blue lines are for  = 270 and green lines for  = 3.
Note that the effect due to the expansion becomes negative
at large enough redshift, and therefore the two contributions
eventually partially compensate each other. For  = 270 this
happens at very high redshift since the effect from the pe-
culiar acceleration always dominates over the effect from the
expansion up to z = 10. For  = 3 the two effects cancel at
z ≈ 2.5 and are comparable for lower redshift, while at higher
redshift the expansion effect dominates over the one of the
peculiar acceleration.
we obtain
F (z)
H0
= 2.4× 10−2 
1 + z¯
. (52)
The amplitude of the effect depends therefore on three
quantities: 1) the amplitude of the velocity vS ; 2) the
distance of the binary from the centre of the galaxy and
the distance of the galaxy from the centre of the cluster;
and 3) the orientation of the acceleration with respect to
the direction of observation. In the following we consider
various concrete examples for the value of the parameter
 representing these contributions.
In figure 1 we compare the effect of the background
acceleration X(z)/H0 with the one from the peculiar
acceleration of the binary F (z)/H0. For simplicity we
account only for the peculiar acceleration of the galaxy
with respect to the cluster (contribution 2), and we ne-
glect the acceleration of the binary inside the galaxy
(contribution 1), which is generally subdominant. We
consider two cases: a galaxy with high peculiar veloc-
ity vS = 3000 km/s very close to the center of the clus-
ter r = 10 kpc, giving  = 270; and a binary at the
edge of the cluster r = 100 kpc with average velocity
vS = 1000 km/s, giving  = 3. In the first case, it appears
that the peculiar acceleration of the binary dominates the
contribution due to the universe acceleration for redshift
smaller than about 7. In the second case, the two con-
tributions are of the same order of magnitude at small
redshift and the background acceleration dominates over
the peculiar acceleration at high redshift.
We have shown that, contrary to X(z) which only de-
pends on redshift and cosmological parameters, F (z) fur-
ther depends on the unknown peculiar acceleration of the
binary along the line of sight v˙S · n. This dependence
on an unknown extra parameter contaminates the deter-
mination of the redshift that would have been possible if
only X(z) would be present in Eqs. (44) and (45), instead
of the total effect Y (z). As a consequence, we expect the
contribution from the peculiar acceleration of the binary
to seriously degrade the possibility of using the binaries
as standard candles without redshift counterpart, anal-
ysed in [17]. Note that one possibility to get rid of the
acceleration effect would be to average the signal from
a large number of sources, as mentioned in [16]. Since
in average the sources are moving with the Hubble flow,
the peculiar acceleration over a sufficiently large number
of sources is expected to vanish, leaving only the impact
from the acceleration of the background. We highlight
however that such an average is non-trivial to perform:
one needs first to determine the luminosity distance of
the binaries in order to average over binaries that are at
the same distance, and therefore at the same redshift.
Since the luminosity distance is itself affected by inho-
mogeneities in the matter distribution, e.g. through the
effect of gravitational lensing, such an average will be
affected by these inhomogeneities (for example average
will be taken over binaries at different redshifts but hap-
pening to have the same luminosity distance because of
different lensing effect on one binary than on the other).
The second difficulty is that the amplitude of the accel-
eration effect depends not only on Y (z) but also on the
redshifted chirp mass of the binary (see eq. (44)). We
can therefore not simply average over all binaries at the
same distance, but we need first to determine Mc and
Y (z) and then average over Y (z). These two non-trivial
aspects of the average are expected to contaminate the
determination of the mean redshift.
B. Estimate of the phase shift
Motivated by the fact that interferometric detectors of
GWs are particularly sensitive to the GW phase, let us
use Eq. (40) to estimate the phase shift ∆ΦY due to the
total acceleration effect Y (z) during the observation of a
typical binary. Let us assume that we observe the binary
for a time interval ∆t = tmax − tmin = τOmax − τOmin,
thus having
∆ΦY =
5
4
(5GMc(z))−5/8 Y (z)
[
τ
13/8
Omax − τ13/8Omin
]
. (53)
The time to coalescence in terms of the chirp mass
and frequency of the binary can be found for example
in Eq. (4.21) of [21] (we normalise it here for a typ-
ical binary that would be observable by LISA, having
m1 = m2 = 5 · 103M):
τOmax ' 1.4 year
(
5 · 103M
Mc(z)
)5/3(
10−3Hz
fO
)8/3
. (54)
8If we can observe the binary up to coalescence time, so
that τOmin = 0, from Eq. (53) one has (h comes from the
Hubble factor today)
∆ΦY,coal ' 3.96 · 10−5h
× Y (z)
H0
(
5 · 103M
Mc(z)
) 10
3
(
10−3Hz
fO
) 13
3
. (55)
We see that the shift in the phase is larger if we observe
binaries at low frequency, with small (redshifted) chirp
mass.
However, decreasing the mass of the binary makes the
signal exit the detector band long before it merges. Let
us therefore rewrite Eq. (53) under the assumption that
we observe the binary for a time interval ∆t smaller than
the time to coalescence. In this case one has, in the limit
∆t τOmax,
∆ΦY,∆t ' 65
32
(5GMc(z))−5/8 Y (z) τ5/8Omax∆t
' 0.1h Y (z)
H0
(
50M
Mc(z)
) 5
3
(
10−3Hz
fO
) 5
3 ∆t
year
(56)
where we have normalised the redshifted chirp mass to
50 M.
From the above equations (55) and (56), it appears
that a significant dephasing can be achieved for those bi-
nary systems which are relevant for LISA, provided that
the (redshifted) chirp mass of the binary system is low
enough and that the amplitude of the effect Y (z) is large
enough. In particular, the range of binary masses for
which we expect the acceleration effect to influence the
measurement corresponds to a few tens of solar masses
(for almost equal mass binaries). The above equations
also show that a significant dephasing can never be
achieved in the frequency range accessible to Earth based
interferometers: the acceleration effect is relevant neither
for advanced LIGO and Virgo, nor for future detectors
as the Einstein Telescope.
In order to provide a comparison of the total accel-
eration effect found here with quantities known in the
literature, in Fig. 2 we present the total phase shift due
to the combined effect of peculiar acceleration and the
expansion of the universe together with the phase shifts
induced by the first three standard PN terms according
to the formula
Ψ(f) = 2piftc − pi
4
− Φc (57)
+
3
128 η x5/2
(
1 +
7∑
i=1
ai(η)x
i/2 − 25
768
GMcY (z)
η8/5 x4
)
,
where the explicit values for the ai(η) are given in [26]
(note that a5,6 have a logarithmic dependence on x, here
understood as a function of fO). We consider an equal
mass binary with Mc = 20M, at redshift z = 0.1, that
enters the LISA detector at fmin = 0.004 Hz and remains
in band for five years (c.f. section V D for a discussion
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FIG. 2: Absolute value of the total phase shift as a function
of  due to the peculiar acceleration and the expansion of
the universe, compared to the phase shift one expects from
the first five PN terms, for an equal mass binary with Mc =
20M, at redshift z = 0.1, that enters the LISA detector at
fmin = 0.004 Hz and remains in band for five years. The
amplitude of the effect due solely to the expansion of the
universe is given by the value of the black curve taken at
 = 0.
on how to determine the final frequency after five years
of observation). Under these conditions, we find that the
phase shift lies between those due to the 2.5PN and 2PN
terms, for  & 20: it is therefore in principle detectable3.
In the following sections, we analyse more quanti-
tatively the total acceleration effect concentrating on
the case of LISA. As we have seen the effect is higher
for lower masses at fixed frequency. However, when
the GW signal is deeply in the inspiral regime it is
almost monochromatic (almost negligible chirping):
we expect that the phase shift evaluated above can
be re-absorbed by a slight shift of the values of the
binary parameters, like the symmetric mass ratio η
and the time of coalescence tc. This will be shown by
a more precise computation in the next section; here
we provide a semi-qualitative argument to understand
how this happens. Denoting by ∆ΦN the GW-phase
accumulated during the observation at Newtonian order
(the main contribution), a variation of the source chirp
mass (symmetric mass ratio) δMc (δη) can induce a
de-phasing δΦ of the order
|δΦη=const| ' 5
8
∆ΦN
δMc
Mc
(58)
|δΦMc=const| ' 0.4 |Φ
3
5
N(fmax)− Φ
3
5
N(fmin)|
δη
η7/5
. (59)
3 Note that, as stressed above, Eq. (44) shows that the acceleration
effect has the same frequency dependence of a -4PN effect, i.e.
f−13/3. However, we have demonstrated here that, since the
amplitude of the acceleration effect is small, in terms of phase
shift and detectability it is comparable to at best a 2PN term.
9For the typical objects we are interested in, taking as ex-
ample the same parameters adopted in Fig. 2, the dephas-
ing at Newtonian order is |∆ΦN| ' 106. Given this value,
phase shifts of O(1) (which are typically detectable) can
be produced by δMc/Mc ∼ 10−6 and δη/η ∼ 3 ·10−3 (for
η = 0.25). We expect then that the impact of the pecu-
liar acceleration can be absorbed by a tiny shift in the
intrinsic parameters. We now proceed to quantify such
bias on the intrinsic parameters in order to estimate its
impact. In particular, since the waveform is extremely
sensitive to Mc, we expect the stronger bias to occur on
η.
C. The mismatch
In order to have a more quantitative estimate of the im-
portance of the total acceleration effect Y (z) and its de-
tectability, we quantify the difference between GW forms
with and without the effect (respectively, injection and
template) by introducing the scalar product as the noise-
weighted frequency overlap between two waveforms h1,2
[27]
〈h1|h2〉 ≡ 2
∫ ∞
0
h˜1(f)h˜
∗
2(f) + h˜2(f)h˜
∗
1(f)
Sn(f)
df , (60)
where Sn(f) is the one-sided noise spectral density of the
GW detector. The above scalar product allows to define
a norm of a function h1 as ||h1|| ≡ (〈h1|h1〉)1/2.
The fitting factor FF between two waveforms h1,2 (for
concreteness we can think of them as respectively the
injection/data and the template) is defined as the nor-
malized overlap maximised over search parameters [28]
FF ≡ Max
∆tc,∆Φc,∆Mc,∆η
〈h1|h2〉
||h1|| ||h2|| . (61)
Here we cover the simplified case of a spin-less circular
binary inspiral, so that the waveform overlap is only sen-
sitive to phase and time, beside binary constituent indi-
vidual masses. In this simplified case geometric factors
due to orientation as well as distance of the source from
the observer boil down to a mere rescale of the waveform,
thus not affecting the normalised overlap.4 Computa-
tionally the maximisation over ∆Φc can be done analyt-
ically [29] by introducing
O ≡ Max
∆tc∆Φc
〈h1|h2〉
||h1|| ||h2||
= Max
∆tc
4
∣∣∣∫∞0 h˜1(f)h˜∗2(f)e2piift/Sn(f)∣∣∣
||h1|||h2|| (62)
4 We neglect the amplitude modulation due to the changing sky
position during the observation time, assuming the GW data are
suitably adjusted to take into account this annual modulation.
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FIG. 3: fLISAmax from Eq. (66) as a function of the redshifted
total massM(z) = (m1+m2)(1+z) for several values of fmin
and η and for ∆t = 5 years. Note the non-monotonic behav-
ior: at first increasing the mass makes fLISAmax larger because
the phase chirps more, when eventually fISCO comes in band
fLISAmax decreases inversely proportional to the total mass.
at the computationally inexpensive price of taking a
Fourier transform of the waveform overlap, thus having
FF = Max
∆Mc,∆η
O . (63)
The maximisation is done via a Monte Carlo code im-
plementing the simulated annealing algorithm5 [30, 31],
searching over the two-dimensional Mc − η plane for the
best fit waveform which is chosen by maximising over
tc,Mc, η as per (62) and (63).
The mismatch is defined as [32]
m ≡ 1− FF . (64)
For the computation of the overlap we use the waveform
amplitude at the lowest post-Newtonian order and for
the phase we use the highest order available analytically,
i.e. 3.5 PN, see Eq. (57). For the acceleration effect we
keep only the leading effectively -4PN order.
We compute the mismatch m over a set of injections
simulating physical signals with several values of masses,
redshift and  and recovering them with signals not con-
taining the acceleration effect, i.e. waveform charac-
terised by phase (57) with Y = 0. This reproduces the
situation in which real signals are searched for with tem-
plates not taking into account the acceleration effect and
it would allow us to determine how many signals will
be lost and/or how biased the astrophysical parameter
reconstruction would be.
5 The simulated annealing algorithm is particulararly suited for
getting quickly to the maximum of the distribution to which we
are interested in, rather than its profile.
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D. The total acceleration effect on binaries visible
by LISA
In this subsection we focus on LISA as the GW detec-
tor and determine the mismatch and the recovered binary
parameters for different values of the binary masses and
different strengths of the acceleration effect.
We consider the LISA configuration with 6 links
(3 arms) (L6), 2 million km arm-length (A2), the
“expected” LISA pathfinder low-frequency acceleration
noise (N2) and a mission duration of 5 years (M5): con-
figuration id N2A2M5L6 according to the nomenclature
of [6]. The analytic fit to the LISA noise curve, includ-
ing the white dwarfs confusion noise, is taken from [6]:
section II, Eqs. (1) and (2).
The LISA low-frequency noise level has been recently
tested by the LISA Pathfinder mission [33] and, according
to the first results, the expected noise is about six times
better than the original requirement for the Pathfinder,
increasing to two orders of magnitude better at f > 60
mHz [34]. The noise that we adopt in this analysis (N2)
has been verified at frequencies f > 1 mHz, while at
lower frequencies the situation is still open: however one
can optimistically forecast that the N2 noise level, if not
a better one, will be finally achieved over the whole fre-
quency spectrum. Concerning the arm-length, the ef-
fect of changing the LISA configuration does affect the
mismatch since the noise spectral density is shifted in
frequency and the confusion noise due to white dwarfs
binaries becomes relevant for longer arms [6]. Moreover,
the signal to noise (SNR) ratio degrades for shorter arm
configurations and shorter mission lifetime, so the range
of possible detections might be strongly affected by this.
We have chosen a LISA configuration of intermediate sen-
sitivity to minimise these effects.
The main target sources for the LISA mission are su-
per massive black hole binaries in the range 104M <
M < 107M. However, LISA will also detect black hole
binaries with masses of a few tens of solar masses, of the
type of those seen by advanced LIGO [18, 20]. Such low
mass black hole binaries are the ones most affected by
the acceleration effect, c.f. Eqs. (55) and (56). In what
follows we consider six values of intrinsic chirp mass for
the black hole binaries that can possibly be detected by
LISA: Mc = 20, 30, 40, 50, 100, 500M, fixing for sim-
plicity η = 0.25.
The lower limit of integration to calculate the mis-
match m = 1− FF is taken in the frequency region
4 · 10−3 Hz ≤ fmin ≤ 9 · 10−3 Hz , (65)
which maximises the effect. The upper limit is set either
by the maximum frequency attained by the binary (for
which we take twice the inner-most-stable-circular-orbit
frequency as a proxy) or by the frequency reached after
the period of observation, which we set to the foreseen
duration of the mission: ∆t = 5 years. More precisely
we define
fLISAmax = min[2fISCO, f(fmin,∆t)] , (66)
where
fISCO ' 4.40
(
1 + 1.25η + 1.08η2
)( M
(1 + z)M
)
kHz
(67)
is the frequency corresponding to the last stable orbit
[35] and
f(fmin,∆t) =
[
1
f
8/3
min
− 256pi
8
3
5
(GMc(z))
5
3 ∆t
]−3/8
(68)
is the instantaneous GW-frequency when a time ∆t has
elapsed and the frequency has evolved from fmin to f , as
estimated by the Newtonian order6. In Fig. 3, we plot
fmax as a function of the redshifted total mass for several
values of fmin and η: it appears that, for the chosen range
of masses, the ISCO is never reached.
The lower mass black holes (M . 102M) are expected
to be the residual of stellar collapse and not to form the
nuclei of galaxies, as it is instead expected for the more
massive black holes (M > 103M). Therefore for the bi-
naries composed of two low-mass black holes, we expect
two contributions to the acceleration: one from the ve-
locity of the binary inside the galaxy and the second one
from the velocity of the galaxy inside the cluster. For
the more massive binaries on the other hand, which are
situated at the galactic centre, we expect that only the
velocity of the galaxy inside the cluster will be relevant.
Taking into account realistic velocities and distances, we
have considered six different values of . In the first four
cases we assume that the effect is due only to the accel-
eration of the galaxy inside the cluster, i.e. α = 3/10 in
eq. (51):
•  = 0, corresponding to vS = 0: the effect of the
peculiar acceleration is absent and the only contri-
bution to Y (z) comes from the acceleration of the
universe, X(z)
•  = 12, corresponding to vS = 2000 km/s and r =
100 kpc
•  = 120, corresponding to vS = 2000 km/s and r =
10 kpc
•  = 270, corresponding to vS = 3000 km/s and r =
10 kpc
We have also considered two cases in which we add the
acceleration of the galaxy inside the cluster and the ac-
celeration of the binary inside the galaxy, assuming that
they are perfectly aligned. We assume two corresponding
values of , an intermediate one and a very high one:
6 We are only considering the inspiral phase and will not take into
account the merger and ring-down phases, where the acceleration
effect is negligible.
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FIG. 4: Mismatch vs. redshift for η = 0.25 and several values of Mc at the source. The range in redshift for each Mc has been
determined by the requirement that the LISA SNR is larger or equal to 5. The minimal frequency for each mass value has been
chosen within the interval given in Eq. (65) in order to maximise at the same time the mismatch and the number of points in
redshift, as discussed in the main text. For a large acceleration  > 50 and low masses Mc < 50M the result of the Monte
Carlo code is noisy and the value of the mismatch has to be considered as an order of magnitude estimate: the corresponding
lines are dashed (see discussion in the main text). Filled markers denote events for which η is recovered within 1% and tc is
recovered within 60 seconds of their corresponding injected values, while empty markers denote events for which at least one
of these two conditions is not satisfied.
•  = 50, corresponding to a galaxy velocity of vS =
2000 km/s at r = 30 kpc (α = 3/10), and a binary
velocity of vS = 250 km/s at r = 6.2 kpc (α = 1)
•  = 350, corresponding to a galaxy velocity of vS =
3000 km/s at r = 10 kpc (α = 3/10), and a binary
velocity of vS = 310 km/s at r = 1.2 kpc (α = 1).
These values of , which have been computed assum-
ing a circular Keplerian orbit for simplicity, show that
the acceleration of a galaxy in the potential well of its
cluster usually exceeds the one of the binary due to its
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FIG. 5: Mismatch as a function of fmin for four values of the
chirp masses at the source and fixed redshift.
galactic orbit. This situation changes if one considers
stellar mass BH binaries belonging to a population seg-
regated within 1 pc of the galactic center [36]. These
sources would in fact experience a much stronger galactic
acceleration due to their proximity to the MBH residing
at the center of the galaxy, and would provide values of
 of order 104 and higher. Although for these binaries
the effect of peculiar accelerations would certainly give a
larger contribution to the gravitational waveform, their
analysis requires a specific investigation which goes be-
yond the scope of the present work. In what follows we
will thus focus on stellar BH binaries with average galac-
tic velocities and distances, resulting in the values for 
listed above.
Fig. 4 shows the mismatch as a function of redshift for
several values of the chirp mass at the source. The range
in redshift for each case has been determined by the re-
quirement that the LISA SNR is larger or comparable to
5. Hence in the x-axes of Fig. 4 the highest redshift corre-
sponds to the maximal one at which a black hole binary
with the mass range under analysis is visible by LISA.
Note that higher masses are expected to be detected at
increasingly higher redshift: we give more details about
the SNR vs redshift in Appendix A. From Fig. 4 it is clear
that in the low mass region the effect of peculiar accelera-
tion is higher, as already argued from Eqs. (55) and (56),
leading to a higher mismatch. For masses Mc & 100M
the effect becomes negligible, even if the SNR increases.
For  < 50, we observe a redshift dependence of the
mismatch in agreement with the analytical estimates of
Eqs. (55) and (56). The effect due to the binary peculiar
acceleration dominates over the one from the background
acceleration: as shown in Fig. 1, the former depends very
mildly on redshift at low z. If the mass is small, the
dephasing is given by Eq. (56), from which it is clear that
for Mc . 50M virtually no dependence on redshift is
visible at z . 0.1: this is what is observed in Fig. 4 for
small masses. On the other hand, when the mass is high
enough (Mc ≥ 100M in Fig. 4), one can appreciate
the redshift dependence as (1 + z)−10/3 inherited from
Eq. (55). For  = 0, we see that the mismatch increases
with redshift since in this case the relevant quantity is the
redshift dependence due to the effect of the background
acceleration, X(z).
On the other hand, for large accelerations ( > 50) and
low masses (Mc < 50M), the points are scattered and
the redshift dependence of the mismatch displays some-
how random oscillations: this is not a physical effect, but
it is due to the discreteness of the Monte Carlo sampling
and to the fact that the mismatch in this region of the
parameter space is extremely sensitive even to tiny varia-
tion of the mass values of the template which has O(106)
or more GW cycles in band. A more sophisticated code is
necessary to reliably identify miminum mismatch wave-
forms in this region. By performing several Monte Carlo
runs, we have however verified that the values of the mis-
match for  > 50 are indeed stable in order of magnitude
also for Mc < 50M, suggesting that the obtained mis-
matches can at least be taken as an estimate. Note that
in every run, the Monte Carlo code tests for the injection
point and in most cases does not find a minimum there.
For each mass value in Fig. 4, fmin has been chosen
within the interval given in Eq. (65) in order to maximise
both the mismatch and the range of redshift where the
binary is visible. Fig. 5 shows how the mismatch varies
as a function of fmin for fixed  = 12 and fixed redshift
z = 0.05, chosen for illustrative purposes. We see that
the mismatch is maximised if fmin is low, since more
cycles are visible before the signal exits the LISA band.
However, as discussed in Appendix A, the SNR of the
binaries increases with fmin (except for the largest Mc),
see Fig. 7. Choosing a higher fmin allows us therefore to
extend the range of redshift in which the binary in visible.
With these considerations in mind, we have chosen small
values of fmin for Mc ≥ 100M: 0.004 Hz and 0.006 Hz;
and a larger value, fmin = 0.009 Hz, for the lower masses.
In general, from Fig. 4 we see that the typical mismatch
we obtain by trying to recover signals that contain the
acceleration effect with the pure TaylorF2 template (as
in (44) with Y = 0) are tiny and do not exceed 10−3.
This means that neglecting the acceleration effect does
not generate a noticeable loss of GW detections. How-
ever, how much bias on the recovered parameters does
the acceleration effect generate?
E. The bias on the symmetric mass ratio and the
time of coalescence
Let us first consider the bias on the symmetric mass
ratio η. On the left panel of Fig. 6 we show the fraction
of events for which the injected value η = 0.25 is recov-
ered within 1%. This is the average precision with which
LISA is expected to recover the mass ratio, as shown for
example in [18]. Already for  = 12, 15% of the events
withMc = 30M have a recovered η wrong by more than
1%, and the percentage raises to 40% for Mc = 20 M.
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FIG. 6: Left panel: as a function of , fraction of events for which the injected η is recovered better than 1% for several values
of the masses. Right panel: as a function of , fraction of events for which the injected tc is recovered within one minute for
several values of the masses. For  > 50 the results for low masses M < 50M can be affected by the Monte Carlo finite
precision, as discussed in Sec. V D: the regions where this can happen are grey shaded as a remainder.
The value of the time of coalescence is also recovered
with a significant bias due to the acceleration effect, as
shown in Fig. 6. The right panel represents the fraction
of events with tc recovered within one minute, which is
the highest uncertainty on tc for LISA reported in [18] for
the low-mass black hole binaries visible in both the LISA
and LIGO/Virgo bands. Again, for the smallest value of
 = 12, 10% of the events with Mc = 40M and more
than 40% with Mc = 20M have a recovered tc wrong
by more than one minute. This will be relevant for the
prediction of the time at which the binary will be visible
in the LIGO/Virgo band (near merger).
The present analysis provides us with indications that
the bias on η can be of few percent, and the one on tc can
be of several days: however, a more precise investigation
is in progress to determine these biases more accurately
for low masses (Mc < 50M).
Note that in this preliminary analysis our concern is
not about a very accurate determination of the intrinsic
measure uncertainty with the Monte Carlo code. In the
case of no effect, Y = 0 (see Eq. (38)), we recover for
example Mc at values with relative difference from the
injected ones of at most a few × 10−6. This remains the
case when Y 6= 0. Comparing with the back of the enve-
lope calculation performed in section V B (c.f Eq. (58))
one can conclude that no relevant bias is induced onMc
by the total acceleration effect. However, we can deduce
from Eq. (59) and e.g. [18] that the uncertainty due to
detector noise on η and tc is smaller than the bias we
find here for a large number of events, especially at low
masses. Hence we are confident that our result holds in
the presence of intrinsic measure uncertainties.
VI. CONCLUSIONS
We have analysed the effect of redshift perturbations
on the GW form. GWs emitted by inspiral binaries prop-
agate through the inhomogeneous universe before reach-
ing the detector. These inhomogeneities influence the
observed frequency of the GW: in addition to the back-
ground redshift due to the expansion of the universe,
the inhomogeneous distribution of matter generates a
Doppler shift (due to the peculiar velocity of the binary
with respect to the observer), a gravitational shift and an
integrated Sachs-Wolfe effect. We have found that if the
redshift perturbations are constant during the time of ob-
servation of the GW, the waveform does not change: the
redshift perturbations can simply be reabsorbed into the
redshifted chirp mass Mc(z). On the other hand if the
redshift perturbations evolve during the time of observa-
tion, they generate a contribution to the waveform with
frequency dependence f−13/3 (formally a -4PN term).
We have compared the amplitude of this novel effect
with the correction generated by the background acceler-
ation of the universe, derived previously in [16, 17]. The
dominant correction from redshift perturbations comes
from the peculiar acceleration of the binary (i.e. the vari-
ation of the peculiar velocity during the time of obser-
vation). We found that this contribution from the pecu-
liar acceleration dominates, for realistic situations, over
the background expansion one over a large range of red-
shift. As we do not know in practice what is the ampli-
tude of the peculiar acceleration for individual binaries,
this strongly challenges the possibility of using the back-
ground effect to determine the redshift of the binary.
We have then performed a preliminary analysis of the
impact of the binary peculiar acceleration on the recov-
ery of the binary parameters for the LISA detector, using
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inspiral-only, spin-less waveforms as a test case. The ef-
fect is most relevant for low-mass binaries with source
chirp mass Mc < 100M at low redshift and entering
the detector at frequency around few mHz. For these
kind of sources, the total phase shift due to the accelera-
tion effect is comparable to the one induced by high PN
terms: 2PN order at best.
We have found that using a template without the accel-
eration effect to analyse GW signals does not cause sig-
nificant loss of detections since the mismatch is at most of
10−3. However, our results show that the recovered pa-
rameters are biased by the acceleration effect. Although
this does not happen for the redshifted chirp mass Mc,
we have found that for a large fraction of events at small
masses, η is not recovered within 1% and the time of coa-
lescence tc is wrong by more than 1 minute (we compare
with the estimated errors with which LISA is expected to
measure these quantities, according to [18]). Our anal-
ysis provides us with indications that the bias on η can
be of few percent, and the one on tc can be of several
days: however, a more precise investigation is in progress
to determine these biases more accurately at low masses
(source chirp masses less than 50M). The estimate of
tc is of particular significance for the binaries that can be
detected first by LISA and then by ground based inter-
ferometers for which one needs a precise determination
of the coalescing time.
In order to remove this bias one should add to the
GW templates a dependence on the acceleration effect
and introduce a new search parameter  (see Eq. (51)).
This procedure might reduce the precision with which
the parameters of the binary are recovered but it could
possibly allow a measurement of the peculiar acceleration
of the binary, which may convey valuable information
about the environment in which the binary is living.
Acknowledgements
We would like to thank Enrico Barausse, Daniel Holz,
Sean McWilliams, Bangalore Sathyaprakash and Alberto
Sesana for very useful discussions, and Zoltan Haiman
for pointing out to us the implications of Ref. [36].
CB acknowledges support by the Swiss National Sci-
ence Foundation. RS acknowledges the support of
Fundaca˜o de Amparo a` Pesquisa do estado de Sa˜o
Paulo through grants 2012/14132-3 and 2013/04538-5
and CERN for hospitality and support during the early
stage of this work. This research was supported by re-
sources supplied by the Center for Scientific Computing
(NCC/GridUNESP) of the Sa˜o Paulo State University
(UNESP). CC and NT thank the Institut d’Astrophysique
de Paris, the institute AstroParticule et Cosmologie at
Universite´ Paris-Diderot, and CERN for hospitality dur-
ing the completion of this work.
Appendix A: Signal to noise ratio
In this appendix we discuss the LISA SNR for the
events considered in the main text. The results are sum-
marised in Fig. 7: the left panel shows the SNR as a func-
tion of fmin for events at fixed z = 0.05 (chosen to be able
to display enough points in redshift for low masses), while
the right panel shows the SNR as a function of redshift
for events with fmin = 0.008 Hz. To compute the SNR we
set  = 0, i.e. the injected signal is assumed to coincide
with the template: SNR =
√〈h2|h2〉. As shown in Fig. 7,
within the mass range used in our analysis the higher the
masses the higher the SNR. The left panel shows that
the SNR always grows with fmin for low mass binaries
(Mc ≤ 50M), while it reaches a maximum within the
displayed frequency range for Mc = 100M, and always
decreases for Mc = 500M. This behaviour is due to the
fact that, keeping the masses and distance fixed, binaries
with higher fmin, i.e. which appear at higher frequencies
when the detector is turned on, are in a more relativistic
phase of their evolution, with a smaller separation dis-
tance and consequently a stronger GW emission. How-
ever, binaries with higher masses entering at the same
fmin evolve faster over the frequency range and exit the
LISA band before the end of the five years observation
time: the SNR is therefore reduced. This happens for
chirp masses roughly above 100M, as shown in Fig. 7.
The behaviour of the SNR is simpler in terms of the red-
shift of the sources, as displayed in the right panel of
Fig. 7. As expected, the higher the redshift the smaller
the SNR, since the GW signal is inversely proportional
to the distance.
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